I. INTRODUCTION
In [1] we generalized the Swiss-cheese cosmologies so as to include nonzero linear momenta of the associated boundary surfaces. We found that the final effective gravitational mass and size of the evolving inhomogeneities depends on their linear momenta but these properties are essentially unaffected by the details of the background model. In this paper we explicitly specify the inhomogeneity and take it to be Lemaître -Tolman (L -T) inhomogeneous dust. With a comoving boundary surface, this construction is a standard feature in modern cosmology [2] [3] . Since an exactly comoving boundary surface is clearly a mathematical idealization, the purpose of this paper is to examine possible evolution of the boundary surface. We find that if we rigorously maintain the Darmois -Israel junction conditions, no evolution of the boundary surface is possible. Hints that this standard construction is a mathematical artifact are reviewed in [4] . Evolution away from dust, or the development of surface layers (which we briefly discuss) fundamentally changes the original construction.
II. LEMAÎTRE-TOLMAN SOLUTIONS IN LAGRANGIAN FORM
We find it convenient to use the somewhat less common Lagrangian coordinates to describe the L -T solution and we begin by summarizing some fundamental properties of the solution in these coordinates.
A. Basic calculations
Starting with Einstein's equations [5] G αβ + Λg αβ = 8πT αβ , where Λ is the cosmological constant, we seek solutions for dust,
where the u α are tangent to the generators of the geodesic flow and we consider only positive definite energy densities ρ > 0. We use comoving synchronous coordinates so that
where dΩ 2 is the metric of a unit two-sphere, which we write in the usual form dθ 2 + sin 2 (θ)dφ 2 , and we assume the existence of an origin defined by R(0, t) = 0. The generators of the flow are then u α = δ α t and the radial normals are n
we find
where E is an arbitrary function (> −1/2). Define
where R is the Riemann tensor and so M is the effective gravitational mass [1] . We obtaiṅ
With the gauge condition [6] M(m, t) = m + Λ R 
the information required to solve Einstein's equations is simply (7), the m derivative of (7) and equation (8) . We arrive at
The implicit solution to (7) is
where t B is a second arbitrary function.
B. Invariants
The L -T solutions have two independent invariants derivable from the Riemann tensor without differentiation. These can be taken to be [7] R = 2(4πρ + 2Λ) (11) and
where R is the Ricci scalar and w is the first Weyl invariant (C αβγδ C αβγδ where C αβγδ is the Weyl tensor).
C. The Origin
From (9) we have
and so from (12) w(0, t) = 0.
Further, it follows immediately from (7) that
It is clear from (9) and (11) that scalar polynomial singularities occur for
where ρ, and therefore R and w, diverge. A "bang" (or "crunch") occurs for R = 0. Shell crossing singularities occur for R ′ = 0. The conditions for their avoidance are well known for Λ = 0 [8] and these conditions have recently been extended to the case Λ = 0 [9] .
E. Conformal Flatness
Conformal flatness of the L -T solutions can be recognized by the following necessary and sufficient condition for conformal flatness [10] : ∆ = 0 where
From (17) and (9) then
so that
Using (19) in (7) with (8) we find
and so both sides of this relation have to be constants (the left being independent of t and the right being independent of m). The constancy of the term on the right is, of course, the Friedmann equation for dust. Finally, if a(t = c) = 0 it follows from (10) that t B (m) = c where c is a constant. In summary, the condition ∆ = 0 reduces (3) to the Robertson -Walker (R -W) metric.
III. JUNCTION CONDITIONS
The theory of hypersurfaces (Σ, here considered to be timelike) in spacetime is well established (see, for example, [11] ) but we think it important to cover a few details here. We follow the notation of [12] . The Darmois [13] Israel [14] junction conditions for boundary surfaces require the continuity of the first and second fundamental forms accross Σ [15] . These conditions are in general not equivalent to the conditions of Lichnerowicz [16] which require the continuity of the metric and all first order partial derivatives of the metric across Σ in coordinates that traverse Σ (such coordinates being referred to as "admissible"). The only case when the two sets of conditions are equivalent is when Gaussian -normal coordinates [17] are used. For example, taking (m, θ, φ, t) continuous through Σ, and using the Lichnerowicz conditions, we arrive at the constraint [ρ] = 0 even for dm/dτ = 0 along Σ. This constraint is erroneous as we discuss below. Whereas one might argue that the coordinates (m, θ, φ, t) are not "admissible", here, to avoid any source of confusion, we rely only on the Darmois -Israel conditions.
The basic model consists of randomly distributed nonintersecting timelike spherical boundary surfaces Σ in a R -W background V + . The local inhomogeneities V − are L -T solutions. Both V ± have metrics of the general form (3) with V + being conformally flat. On Σ we write
where g ij is the metric intrinsic to Σ (first fundamental form) and x i are the coordinates intrinsic to Σ. With spherical symmetry, without loss in generality we take the coordinates θ and φ (but not t) continuous through Σ on which we write the intrinsic metric as
where τ is the proper time on Σ. Note that the proper time derivative d/dτ is defined only along Σ. Now our use of the Lagrangian variable m requires special attention. A straight -forward calculation gives
where K ij is the curvature extrinsic to Σ (second fundamental form). 
We write ±ñ α | ± Σ as the unit radial 4 -orthogonal to Σ andũ α | ± Σ as the unit 4 -tangent to Σ. We simply drop | ± Σ and writeñ
The vectorsñ α andũ α are unit vectors in consequence of the relation
which follows from the fact that τ is the proper time on Σ. We choose the global time-orientation dt/dτ > 0. The use of the Lagrangian variable m makes the rigging ofñ α straightforward as m increases monotonically away from the origin. When Σ is comoving dm/dτ = 0 and we get n α = n α andũ α = u α , the normals and generators of the fluid flow.
A. Boundary surfaces
Let us assume that Σ is a boundary surface. Then, by assumption, the following well -known necessary (but not sufficient) conditions hold: 
From (1), (2) and (3) we find
and
The standard assumption is to set Σ comoving so that dm/dτ = 0 and as a result the conditions (29) 
Condition (36) is, for dm/dτ | Σ = 0, not an additional constraint, but rather a requirement of the DarmoisIsrael junction conditions. In summary, with (36), for a boundary surface with dm/dτ | Σ = 0, and (17) we have shown that
This tells us that if Σ is a boundary surface and dm/dτ | Σ = 0 along Σ, then V − is conformally flat at Σ. Now since dm/dτ | Σ = 0 we can consider a region J in V − defined by the non-vanishing ranges δm and δt bounded by Σ, to the future of Σ for dm/dτ | Σ > 0 and to the past of Σ for dm/dτ | Σ < 0. Since the unique evolution of an R -W flow is the same R -W flow, the R -W solution in V − is the same as that in V + . There cannot then exist non-comoving boundary surfaces in spherical dust that signify local inhomogeneities.
C. Surface layers
The Israel formulation of thin shells (which we discuss only briefly here for completeness) involves the construction of surface properties of Σ out of discontinuities in the extrinsic curvature, by way of the Lanczos equations [11] [12] [14] . In particular, the surface energy density of Σ is given by
where
is the three -tangent to Σ. The surface pressure (p) is defined by
These phenomenological properties of Σ are related to the evolution of Σ via
and to the enveloping 4 -geometries via
and 
At first glance, the possible cases are: p = σ = 0, the boundary surface discussed above, and the thin shell with surface equation of state p = −σ/2. However, from (2) and (42) we have
and so either p = 0 (again the boundary surface) or K θ θ changes sign across Σ. Since
it follows that R ′ , and from (9) also ρ, must change sign across Σ. We reject this possibility and conclude that Σ cannot represent a comoving thin shell. There is now a plethora of possibilities to consider for both cases, some of which have been examined in detail (see, for example, [4] and references therein). Basically, we can choose some evolution for Σ and see what surface properties (σ and p) result, or choose these surface properties and see what evolution of Σ results. In both cases, the assumption that we have enveloping dust enters by way of the constraint equations (41) and (42). To represent an inhomogeneous cosmological model, as opposed to a purely mathematical construction, physical input for σ and p, or the evolution of Σ, is needed. In any event, we are now quite some ways away from the generalized Swiss -cheese model.
IV. CONCLUSION
We have examined the generalized Swiss -cheese model, consisting of a Lemaître -Tolman (inhomogeneous dust) region matched, by way of a boundary surface, onto a Robertson-Walker background of homogeneous dust. A standard construction in modern cosmology is to assume that the boundary surface is exactly comoving. Here we asked if this construction can be made more realistic by introducing some evolution of the boundary surface. The answer we have found is no. We have found that to maintain a boundary surface using the Darmois -Israel junction conditions, as opposed to the introduction of a surface layer, the boundary must remain exactly comoving. We conclude that this standard construction is a mathematical artifact, not an acceptable physical model of a cosmological inhomogeneity. The options are to drop the assumption of dust or allow the development of surface layers. Either option fundamentally changes the original construction.
In closing we should note that the situation we have considered, though common, is very idealized in the sense that the background has been taken to be exactly Robertson -Walker. If this is not the case, Σ can indeed evolve. Further discussion of various scenarios which have been studied can be found in [4] and [6] .
